Abstract: This study proposes a new paradigm for assessing thermosteric effects of warming oceans at a tide gauge station. For demonstration, the trend due to the global thermosteric sea level at the Key West, FL tide gauge station was estimated using the tide gauge measurements and the global sea surface temperature anomalies that were represented by yearly distributed lags. A comparison of the estimate with the trend estimate from a descriptive model revealed that 0.7±0.1 mm/yr, (p<0.01), of the total trend 2.2±0.1 mm/yr (p<0.01) estimated using the descriptive model can be attributed to the global warming of the oceans during the last century at this station. The remaining 1.5±0.1 mm/yr, 70 percent of the total trend, is the lump sum estimate of the secular changes due to the eustatic, halosteric, and various local isostatic contributions.
Introduction
In situ global Sea Surface Temperature, SST, measurements going back to the late 19 th century reveal sea surface warming, induced partly by anthropogenic forcing and different climate regimes followed by a rapid global warming during the latter part of the 20th century (AR5, 2013). Recently, Iz (2016) quantified a statistically significant global sea surface temperature acceleration, 0.67±0. century because of a statistically significant 69 yr periodicity and its 138 yr subharmonic, possibly due to a lagged dissemination of temperature as more heat moved into deeper oceans with a deeper heat-sequestration mechanism (ibid). The impact of the warming oceans, known as thermosteric effect, on the sea level changes is poorly quantified (Munk, 2003) . This is mainly because of the difficulty in differentiating the compounding of steric changes with eustatic contributions (Iz, 2014) . Until recently, 47% of the global sea level variations were claimed to be from the eustatic component that includes changes in salinity, and contributions from terrestrial storage (Jevrejeva et al., 2008) . In this budget, the contribution of the average temperature of the global ocean has increased over the past half century and has accounted for over 80% of the heat absorbed in the climate system (ibid.). This input of heat into the ocean has caused thermosteric expansion of the water contributing to a sea level rise up to 25% (Munk, The early estimates of the thermosteric contributions to the global sea level rise were derived from depth dependent gridded temperature evaluations using in situ measurements (Antonov et al., 2002) . More recently, Rahmstorf (2007), then Vermeer and Rahmstorf (2009) proposed a semi-empirical approach in which the sea level adjusts quickly to a temperature change and can explain 98 percent of the variations in the global sea level time series. This approach, however, was criticized by Holgate et al. (2007) , and Torben et al. (2007) , on the basis of a potential spurious correlation between global SST data and observed global sea level rise. Meanwhile, a recent study by Kopp et al. (2016) deemphasized the impact of the thermosteric contributions to the sea level rise.
The discrepancies between these two approaches may be reconciled by using alternative statistical models that are addressing the issues raised in the discussions. Along these lines, the current study demonstrates that the global thermosteric contribution to the sea level rise at a tide gauge station can be modeled and estimated using distributive lags of global SST. The formulation can also account for the first order autoregressive correlation in the global SST temperature data, as well as a number of unmodeled periodicities in sea level variations of origins other than warming of the oceans.
In the subsequent section, information about the Key West Florida, USA tide gauge time series selected as an example and the global SST anomalies to be used in the model solutions are introduced. A conventional descriptive model is then used to capture the lump sum effect of the secular changes due to the steric, eustatic, halosteric, and various local isostatic contributions at this station through a deterministic trend, as well as the potential periodic sea level changes from the tide gauge data. This solution is to be used as a baseline to compare and contrast the alternative model solutions.
Subsequently, the new model which consists of a deterministic trend, sea level oscillations, and thermosteric effects represented by distributed lags of yearly changes in the global SST, is elucidated. The aim of the study is to represent the contributions of the thermospheric effects at the tide gauge station through the distributed lag model and a trend parameter. Because the effect of the global SST is captured by the distributed lags, the estimated trend is only due to the remaining secular effects of non-thermosteric origins such as: eustatic, halosteric, and various local isostatic effects. The difference between the lump sum trend from the descriptive model and the trend from the distributed lag model then quantifies the thermosteric trend at the tide gauge station.
In the interim, a number of experiments were carried out to determine the optimal lag lengths using synthetic sea level data. A numerical demonstration of the distributive lag model solution with yearly averaged tide gauge and global SST data is followed by the quantitative assessment of the ocean warming on the tide gauge measurements at the Key West, FL tide gauge station.
Sample Tide Gauge Time Series and the Descriptive Model as a Baseline
The Key West tide gauge station (Florida, USA) records were used for the descriptive baseline model and also for the distributed lag model that also makes use of yearly global SST anomalies. The tide gauge data displayed in Fig. 1 Traditionally, modelling sea level variations as observed at a tide gauge station involve a deterministic secular trend with a datum offset (Pugh, 2004) . More recently, Iz (2014) study revealed a number of periodicities that are due to the coupling of external forces such as solar radiation (insolation), in tandem with other natural or forced sea level variations and broadband internal ocean-atmosphere interactions, including steric and eustatic contributions producing signatures at multi-decadal time scales. The following descriptive harmonic model was used to describe and quantify the contribution of these effects for the baseline solution.
In this model, the initial epochs of the measurements are shifted to the middle of the series for shorter time offsets to improve the numerical stability of the solutions; h t represents the yearly averaged tide gauge data at t = t Start · · · t End (there are 102 yearly averages for the Key West tide gauge data) and; h t0 is the unknown sea level reference height defined at the middle epoch of the measurements, t 0 , and the initial velocity v t0 at the same epoch. In addition, sea level changes at a given station exhibit multi-decadal scale sea level variations. Some of them are in relation to the regression of the lunar node, which completes its cycle in P =18.613 yr, to produce subharmonics with periods including: 2×P = 37.226 yr; 3×P = 55.839 yr; 5×P = 74.452 yr, and its super harmonics with periods: P/2 = 9.306 yr; P /3 = 6.204 yr. Some of the others are caused by solar radiation with a period of P = 11.1 yr, with its subharmonics with periods: 2×P = 22.2 yr and longer as shown by Iz, (2014). The summation is carried over for a number of harmonics, n. Note that, the sub and super harmonics are caused by compounding of periodicities external to the Earth with other natural or forced sea level variations and broadband internal ocean-atmosphere interactions, including steric and eustatic contributions producing signatures at multi-decadal time scales (ibid.).
The random variable e t represents the lump sum effect of the random instrument errors and unmodeled effects in sea level changes. These disturbances are assumed be homogeneous, independent¹ and identically distributed and tend to averaged out for long series (i.e. their expected values are zero). Figure 1 shows statistically significant trend and periodicities estimated using the above descriptive harmonic model (Eq. 1) with a stepwise ordinary least squares to eliminate parameters that are not statistically significant (p>0.05). Although annual averaging removes the high frequency sea level changes and reduces the amplitude of the low frequencies, the series still contains a number of statistically significant periodicities shown in Figure 1 . The model explains effectively 92 percent of the variations in the sea level in which the trend is a lump sum estimate of the steric (thermosteric and salinity), eustatic, and isostatic changes at global and local scales.
The residuals displayed in Fig. 2 show that the estimated model parameters represent a significant portion of the systematic effects in the sea level changes since the unexplained portion of the changes are randomly distributed (Fig. 3) . This is the baseline solution for assessing the impact of the distributed lag models to be discussed in the following sections. It is important to emphasize that the estimated trend is due to the lump sum effect of steric (thermosteric and halosteric), eustatic, and various local isostatic origin experienced by the tide gauge measurements at this station.
1 Actually, the disturbances of monthly tide gauge data for most of the globally distributed tide gauge stations were shown to be positively autocorrelated (Iz et al., 2012) and may impact the solution statistics markedly. The autocorrelation for the Key West tide monthly gauge data is about 0.3 monthly and 0.15 for the yearly averages. Hence, the Key West time series can safely be assumed to be serially uncorrelated in this study. The next sections will discuss the newly proposed model based on a distributed lag formulation in which the global temperature data is the prevalent independent variable representing the thermosteric contributions of the warming oceans to the local tide gauge measurements. But first, statistical peculiarities of the global SST anomalies need to be elucidated for their proper use in the new model.
Global SST Anomalies
This study uses the Met Office Hadley Centre's globally averaged SST data, HadSST3 (3.1.1.0). The data set spans yearly global field of SST from 1850 to 2015. The data has been adjusted to minimize the effects of changes in instrumentation (Kennedy et al. 2011a (Kennedy et al. , 2011b and are neither interpolated nor variance adjusted (Met Office Hadley Center, 2015). Figure 4 exhibits the yearly temperature anomalies relative to 1961-1990. an oscillation with a period of 69 years and its 138 year subharmonic (all estimates have a p<0.01). The same investigation demonstrated that the global SST time series are first order autocorrelated (ρ =0.8 for the monthly series). In other words, the series are contaminated with a red noise that will induce spurious correlations if the autocorrelations are not taken into account when deploying the global SST data. This problem can be ameliorated by using first order differences. Nonetheless such a treatment would suggest a unit root random process, which is not warranted in modelling global SST time series and will induce negative autocorrelations, albeit being small (ρ = −0.23, Iz, 2016) in the model that will follow. Iz (2016) demonstrated that the first differences calculated using the following expression are devoid of any red noise and preserve effectively the nonrandom content of the series, namely, a deterministic trend, acceleration, and periodicities in the global SST series,
In the above expression, T i is the global SST measurement at an epoch i, ρ is the first order correlation coefficient determined to be 0.82 (Iz, 2016) . Figure 2 exhibits the yearly temperature anomalies to be used in this study, and Fig. 5 refers to the yearly temperature changes (∆T) calculated using the above expression. The yearly differences in Fig. 5 exhibit no statistically significant first order autocorrelation (ρ =0.1), which is the requirement for the explanatory variables of the new upcoming model. This treatment ensures that no spurious correlations due to the red noise are introduced into the solutions. 
Distributed Lag Model for Sea Level Variations
In econometrics, a distributed lag model is a multiple regression representation for time series in which past values of an explanatory variable and the lagged (past period) values of this explanatory variable are used as independent factors impacting the dependent variable (Judge et al., 1980) . Its origin is attributed to Fisher, (1925) , (1930) and has found widespread application in statistics and econometrics since then (Griliches, 1967) ². In this section, the distributed lag model is discussed in a formulation in which the yearly global SST changes (Fig. 4) are used as explanatory variables for the dependent variable, sea level changes observed at a given tide gauge station over time as opposed to all at once³. In its simplest form, it can be expressed as follows:
In the above expression, h t is the observed sea level at an epoch t at a given station as before, u t is the stationary error term (white noise). The difference realized by Eq. (4), ∆T t−s , is the lagged global SST change over time at a given lag while s represents the marginal effect of the global SST change in the past to the sea level,h t , observed at the tide gauge station. Note that ∆T t−s is neither the yearly averaged global SST anomaly, nor the yearly first differences, but it is the change in the global SST with yearly intervals in which the first order autocorrelation was accounted for ( Figure 5 ). The use of yearly, as opposed to monthly values, was dictated by the fact that monthly global temperature anomalies will involve large number of parameters that will induce harmful collinearity in the model solutions. It is also assumed that the global SST data contributes to the sea level only during a finite lag length q. In this formulation, the lag-weights βs (impact factors) reflect the contribution of temperature change ∆T t−s over yearly intervals to the observed sea level where s is the number of lags within a lag length q. The constant datum offset α together with the lag-weights βs are the parameters to be estimated using an ordinary least squares solution. Note that this is a simplified form of a distributed lag model devised for the sake of discussion in this section, as is it does not include any other factors likely to contribute to the observed sea level variations.
The model, therefore, accounts for the effect of the global SST over time rather than at all at once on the sea level at a given tide gauge station. Hence, the estimated lag-weights will quantify the impact of the global temperature changes on the sea level, whether they are immedi-ate or they emerge slowly at a tide gauge station. It is expected that the impact of the global SST changes to the sea level changes at tide gauge stations will not be immediate because of the thermal inertia of the oceans, as there will be a time lag for the effect of the global SST to accumulate over time, akin to a gradually increasing temperature of a saucepan filled water being heated. Such an effect will gradually accumulate over time then start decreasing once a temperature equilibrium is reached. Then, the cumulative effect of the SST will start dissipating in interaction with deep ocean waters and with global ocean circulation. Under this scenario, the time sequence of the lag weights βs will describe the form of the lag, the time shape of the impact of the global temperature on the observed sea level changes at the tide gauge stations.
Meanwhile, finite distributed lags can be problematic when the lag length is long. Each time the lag is lengthened by one period, the solution statistics lose two degrees of freedom-one, because another coefficient must be estimated and two, the sample size is reduced by one period. In this study, however, an equally important question is the availability of finite number of historical temperature anomalies. The longest lag length that can be accommodated is about sixty years. The question is therefore twofold; deciding how many lagged dependent variables to include, and whether the number of available lags are sufficient to account for the contribution of the global SST. These are the discussion topics of the next section.
Determining lag length
Determining lag length in distributed lag solutions can be statistical; one can choose the length of a lag by testing the statistical significance of the coefficient at the longest lagthe "trailing lag"-and shorten the lag by one or a number of periods.
Information criteria can also be used to measure the amount of information about the dependent variable contained in a set of independent variables. The two most commonly used criteria are the Akaike information criterion (AIC) and the Schwartz/Bayesian information criterion (SBIC).
Alternatively, appropriate lag length can be determined by residual autocorrelation. Adding lags in a model usually lessens the degree of autocorrelation in the error term as more and more variability is explained by added lags. Therefore, when using residual autocorrelation to determine lag length, one adds lags until the residuals ap-pear to be white noise. A review of most of the methodologies can be found in Ng and Perron (2001) .
Inescapably, this study experiences the same problem. As the lag length is increased, more and more temperature data is needed, yet the global SST data has a finite length. Furthermore, the effect of omission due to the limited global SST data on the model solutions has to be assessed, so that it will not unduly bias the estimates. In this study, an alternative problem specific approach is devised and shown to be effective in addressing both issues in determining the lag length.
A synthetic tide gauge time series data was generated with a sea level rise of 1 mm/yr for the time span of the Key West time series. Three solutions with 10, 30, and 60 yr lag lengths (up to the maximum allowed by the available global SST data) were carried out using the following simplified global SST temperature-only distributed lag model with no noise,
The summary statistics in Table 2 Only 12 out of 60 of the estimated lag weights were not statically significant (p>0.05). Meanwhile, a closer look at the estimated lag length (Fig. 7) reveals a harmonic pattern in the distribution of the estimated yearly lag weights. The yearly temperature differences contribute to the sea level more or less additively, hence, as they accumulate over time, their impact increases in proportion with the lag lengths as expected. This effect subsequently decreases reflecting the dissipating contributions of the global SST variations at earlier periods as shown in Fig. 7 .
This pattern (Fig. 7) is universal for all the globally distributed tide gauge stations. But how pronounced is this pattern? Which sections of this pattern are significant in contributing changes in the sea level at a tide gauge station? These questions will be answered by estimating the lag weights that will reshape the pattern shown on Fig. 7 .
In any case, the results suggest that the distributed lag model with the longest 60-year lag has enough power to capture the trend for this particular exercise and the omission of the global SST data beyond 60 years does not have a marked impact in reconstructing the synthetic data.
In the following section, this model will be cast in a more general framework to account for the yearly sea level variations observed at the Key West tide gauge station other than the thermosteric effect.
The New Statistical Model with Deterministic Trend, Harmonics and Distributed Lags and its Solution
The model to be used for the reconstruction of the Key West tide gauge time series now accounts for a multitude of effects, namely: the effect of yearly global SST changes represented by distributed lags⁴; a deterministic trend representing secular changes in the sea level other than thermosteric effects, such as eustatic contributions, local isostatic effects including local lithosphere moving up or down, mountain building resulting from plate tectonic collisions, glaciation, sediment compaction in large deltas, or anything that adds or subtracts from the weight of the crust. The model also includes decadal and interannual periodicities that may be of astronomical origin compounded with other natural or forced oscillations inherent in sea level changes (as included in the descriptive model) including the global SST induced sea level variations. In other words, the new model is the augmented version of the descriptive model with the distributed lags discussed in the previous sections. The combined model is expressed as follows:
4 Integration of two time-series data has been occasionally used in modelling sea level changes. Iz (1996), for instance, used pressure time series in modelling sea level tide gauge measurements in Hong Kong all at once with no lag consideration. In the above expression, h t is the observed sea level at an epoch tat a given station, u t is the stationary error term. The difference ∆T t−s is the lagged SST change over time at a given epoch t, while s represents the lag of the marginal effect of the global SST change in the past to the sea level. Note that ∆T t−s , the change in the temperature anomaly, is in yearly intervals (Eq. 4 and Fig. 5 ). It is also assumed that the global SST data contributes to the sea level with 60-year long time lags, i.e. q = 60. The lag-weights, βs, adjust the contribution of temperature change ∆T t−s over time to the observed sea level at Key West tide gauge station. The constant datum offset α, together with lag-weights βs are the parameters to be estimated using an ordinary least squares solution together with the components of the amplitudes of the periodicities as well as sea level trend parameter.
It is important to emphasize that the estimated trend in this model will be devoid of any contribution due to the global warming of the oceans because this effect is captured by the distributed lags.
The model given by Eq. (5) allows a number of alternative solutions for different combinations of parameters. This is because the representation contains overlapping information. For instance, periodicities carried over from the descriptive model, especially the sub and super harmonics of the lunar node and the solar radiation, are realized through compounding of the external force with natural oscillations inherent in the sea levels, including the variabilities induced by the warming of the oceans. It is anticipated that some of the periodicities will disappear once the compounders are removed.
A number of procedures for generating a viable solution for the model were used. First, a stepwise procedure which starts with an empty model and then adds or removes the most significant term in each was tested. Inter-estingly enough, a stepwise solution can admit a no trend solution depending on the significance level to add or remove the independent parameters but obviously biased, since however small the effect of eustatic contributions cannot be ignored.
In this study, a backward solution was tested and adopted. The process starts with all the terms in the model and removes the least significant term for each step, starting with lag weights while preserving the trend parameter in each solution and moving backward in the selection process. Because the priority is given to the effect of the lags over the descriptive harmonics, the harmonics that contain the same temperature information as compounders may not be needed once the thermosteric effects are captured. Table 2 lists the parameters of the final solution following the backward elimination procedure. As expected, most of the sub and super harmonics that are statistically significant in the baseline solution are no longer needed. Nonetheless, the original source of the sub and super harmonics, namely, luni-solar parameters are preserved as they are expected to be. The harmonic with 12.4 yr periodicity is still statistically significant because its source can be attributed to a decadal phenomenon observed along the eastern coast of continental US, generated by the natural variability of the Atlantic Ocean recognized as a broadband process in the context of wind-induced decadal variability (Sturges and Hong, 2001 and Iz, 2015) . The subharmonic with 37 year period, however, still remains statistically significant.
The lag weights tabulated in Table 2 and shown on The difference of the trends (2.2±0.1 and 1.5±0.1 mm/yr) estimated using the descriptive baseline model and the distributed lag model respectively is about 0.7±0.1 mm/yr. This difference accounts for the 30 percent of the total velocity estimated by the baseline model and due to the global thermosteric effect experienced by the tide gauge measurements at the Key West station. The remaining 1.5 mm/yr trend (70 percent of the total) is the lump sum estimate of the secular changes due to the eustatic, halosteric and various local isostatic contributions.
Despite the exemplary performance of the model, on the downside, the new representation contains an inherently large number of parameters; 16 statistically significant model parameters out of 37, compared to the 102 yearly averages of sea level measurements⁶. Although the degrees of freedom are still large (65), the number of model parameters may become an issue for stations with shorter time span. This problem, however, can be resolved by modelling the lag weights with polynomials, (Almon, 1965), which will reduce the number of parameters markedly.
Thanks to the large number of distributed lag parameters, reconstructed sea level at the Key West tide gauge station tracks the original yearly averages closely (Fig. 11 ). The quality of the tide gauge data used in this study also contributed to the exemplary performance of the new distributed lag model at this station. The series is one of the few well-behaving, i.e. less noisy, long sea level data compared to the other stations' in the PSMSL repository. 6 Note that the over parameterization was accounted for by using Adj R 2 values in assessing the model performance). 
Conclusion
Although all the solution performance metrics are statistically significant for this particular exercise, the available information about the thermosteric trends calculated using alternative methods for this region are not. A simple comparison of the estimated thermosteric sea level rise of 0.7±0.1 mm/yr by this study, with the various estimates such as 0.6±0.2 mm/yr calculated by Ishi et al., (2003) for 500m depth, 0.8±0.5 mm/yr for 500 m depth by Levitus et.al., (2000), and 0.1±0.3 mm/yr and 0.6±0.3 mm/yr for 3000 m depths (ibid.) for the Key West station, is not conclusive. The main reason is due to the large one sigma standard deviations for the thermosteric sea level rises reported by the studies listed above for this locality. When these results are scrutinized at the 95 percent confidence level, one cannot reject a null-hypothesis of no thermosteric effect despite the reported magnitudes of the thermosteric sea level rise rates. Moreover, because of the positive autocorrelation in temperature data, all the estimates reported by the previous studies, which did not account for its impact, are already over estimating the precision of the thermosteric sea level trends depending on the degree of autocorrelation in these series (Neter et al., 1996) . For replication, the same analysis was repeated for the Pensacola, Florida tide gauge station data using the descriptive and distributed lag models. These two stations are separated by 500 miles from each other and can be treated as buddy stations (a PSMSL terminology suggesting similarities in sea level changes at neighboring stations). Almost identical results were obtained for the Pensacola station's trends; 2.1±0.1 and 1.4±0.1 mm/yr for the descriptive and the distributed lag models respectively. Hence, at this point in time, the proposed approach offers marked improvements over the other methodologies for its precision and replication in calculating the thermosteric effect of the warming oceans at a tide gauge station. Its accuracy remains to be tested until the estimates are verified by another independent methodology as precise as the current one.
An interesting byproduct of this study is an another independent confirmation of the conjecture put forward in Iz, (2014) study, which was about compounding of nodal and solar radiation effects with other natural sea level variations creating sub and super harmonics in sea level changes. Global SST anomalies have turned out to be one of these compounders at the Key West station as evidenced by the vanishing sub and super harmonics in the distributed lag model solution.
